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INVESTIGATION OF AN EMPIRICAL PROBABILITY MEASURE RASED TEST FOR
MULTIVARIATE NORMALITY

J. M. Booker, M. E. Johnson ;b.ndR. J. Beckman

ABSTRACT

7’outz (1990) derived a goodness of fit test for a hypctheais
specifying a continuous, p-variate distribution. The test statistic is
both distribution-free and independent of p. In adapting the Fou?z
test for multivariate normality, we consider ueing X2 and resealed beta
variate~ in constructing s:atiatically equivalent blocks . The Foutz
test is compared to other multiv~riate normality tests developed hy
Hawkins (1381) and t4alkovich and Afifi (1973). The set of alternative
distributions tested inc?ude Pear80n type 11 and type VII, ,Johnson
translations, Plackett, ~nd distrihuttons arising from Khintchine’s
theorcm. Univariate alternatives from the general claes developed by
Johnson et al. (1980) were also used. A!Iempirical study confirms the
independence of the teat statistic on p even when parameters are
estimated. Tn general, the Foutz test is le~a conservative under the
null hypothesis hut has poorer power under most alternatives than the
other tests.

Foutz (1(~80)developed n test for goodness of ftt for the

hypothesis specifying o continuous p-varinte. distrthution. The’ test

8L~”tistic, Fn, is ha~cd on the suptwmllm of the nhsolute dlfterences

hetw(icn the hypothenizerl prolmhility distribution, b~, and the

empirical prohabillty distr{button, 1’,,.~n cnnttast to

Kol.moRorbv-Smirnov and Crarnur-von Mlscs empirical dl~tl’lbutton f{ln..t{on

(W)F) tc+fltFl

only events

hypothe~i~f.
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In this paper, a ninulation study ie pregenced to ae~esa the

performance of Foutz’ test in practical situations including small

sample sizee, variety of alternative distributions and most

importantly, in the case that the parameters of the hypocheelzed

distribution are egtimated. A previous study by Franke end

Jnyachandran (1983) investigated the power of Foutz’ test compared with

the chi-square and Kolomogorov-Smlrnov tests for normality when the

samples were generated from various univsriate distributions.

11. Fn AND STATISTICALLY EQLIIVAL!?NTBLOCKS

The Fn statistic is defined by

Fn . IF”(B) - i++ml,PA?%) (1)

where ;H(R) is t+e hypothesized prohahility measure of event R, ;n(FO

1s the empiricnl probability mensure Imsed on the sample, and 13(il~’)

denotes thr collection of Bore] nets In Rp. Foutz (19RO) showed that

the null dist.rihution of Fn is indcpcndcnt of ~H snd p.

In order for the empiricnl probnbtlity di~tributlon to bc G

cnntinuoue distribution, and thu~, to b,!conlpnrable to the contfnllo~l~

hypothesized djstrlh.ltion, the total ftIRtIt3 from the n dlscr~te dntn

pointq i~ read ov~r ‘ntntintlcnlly equivalent hlockn’ defined from

the sampl~. AccordinR to Andcr80n (1966), the nnmplc is u~ed to

pmrtition the l?~lclideanp-space, Rp, hy mnnn of c~ltt{ng functfon~. in

the unfvnrl~te cane n ~uch blocks can h’ formed from tho order

atntistlce of a namplc of oize n-l a~ B1=(-UD,X (1))) ~@x(]) ,x(@,
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.... Bn=(x(n_l),+ In the multivariate normal caee, n blocks can be

obtained from the ordered quadratic forms vis a viS B!-(-*,Q( l)),

B2-(Q(1)’Q(2))’ ‘o-t ‘n=(Q(n-l)ja) where

Q(i)-(x(i)+’z -l(x(i)-P). (2)

The probability measure for these blocks comes from the chi-square

distribution with n-2 degrees of freedom if the sample is from th>

multivariate normal and the parameters P and I are known or specified.

If estimates for the means and covariance matrix are used, then the

distribution of (l(i)is only asymptotically chi-sqllare. For samples ;

with n-1 less than p/2, the chi-square distribution holds. However,

for larke p cafles, the quadrat!c form, Q(i)’ follows a ~cscaled beta

distribution:

[(n-l)-llz p (n-l)-p-l,.—.— — beta (7,—2— .
n-l

(3)

Figure 1 shows the differences in the c,hi-aqu~re and rescnlecl hetu

distributions for various sample Bizes, n-l, for p=5 nnclp=?~

te~pectively. Usiny the chi-equare dtstrihution when the rescnlecl beta

nhould he u~ed results in nn abnor~~,nllyhl~h percent rrjccrton of the

null hypothesis. This i~ true of all tl~cm~llttvarinte uot-nlaltj~t~

lnventlgnted . The tent~ in thin paper used the cht-r;qllr+rc

rnppl’oxlmntlnn only whc~e mpproprlate, wl~,vre Hnmple ilze~ were lm~c

telntive to PO Otherwise, tho H?IRCAIPLI hctnR Wel’l?‘ullcd,
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P= 5

0.19

&la

I
O.m ‘

Oorn 1

/l resealed beta n-1=10

CH1-SQIAIU OR ELESCALED BITA YAL[’E5

Qil-SQUARF ON RtSCA1.Fl) BETA \’Al.llFS

pl~:urtj 1
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111. EMPIRICAL STUDIES OF Fn

Foutz derived the asymptotic null distribution for Fn as normal

with a mean of e‘1 and variance of (2e-1-5e-1)/(n-1).

The test size of Fn was investigated for a variety of n and p

combinations. The purpose of this exet’cise was to test the

independence of Fn on p and to gauge the asymptotic behavior in rmall

samples. In this empirical gtudy, the mean and variance parameters

were estimated. These estimates were used in the formation of the

equivalent bloc!{s.
.

Table I shows the tegt size (percenL’rejecti :iof the null

hypothesis) ag a function of p for 1000 samples of p-variate normals

using variou9 sample t3izea. The columns labeled 1%, 5% and 10% refer

to the 1%, 5% and 10% asymptotic critical values derived by Foutz which

were uged to determine the rejection percentages. For convenience., the

generated variates are p independent N(O,I). However, by virtue of tht)

calculation of Fn using maximum likelihood estimators for u and X, the—

reported results hold for ~rbitarily epectf~ed population valI.Ies o, II—

and Z. ‘rhetest size i~ equnl to or more collservattve t’hnn the a-lrvrl

chosen. There aprwnrs to be no dependence nn n-1 or on p. TttcreFol”c,

even for relatively small eamplcq, the Foutz test statistic follows its

asymptotic normnl distribution rensonnbly well.
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TABLE I

PERCENT REJECTION OF THE NULL HYPOTHESIS FOR N-1 AND P COMBINATIONS

USING FOUTZ’ ASYMPTOTIC CRITICAL VALUES

50 2

50 10

50 20

50 30

50 40

50 50

100 20

son 20

750 5(-I

6.70 3.70 ().90

5.60 2.70 0.90

8.10 4.70 O.RO

7.~r7 3.?0 l*2n

7.;() 3.50 0.70

8.3n 4.30 o.f9n

3.RO

6.50

9.f7n

f3.3n

9.60

~.50

9.10

8.40

11.50

].qn

3.?{)

4.6n

3.~f3

5.3(-I

4.4(7

4.lrl

4.70

4.UO

o.zn

0.60

l.?n

o.~n

].10

().!IO

o.6n

O.RO

O.RO
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Malkovich and Afifi (1973) derived a union-intersection test for

multivariate normality. They recommend that their test st~tistjc,

denoted here by MAKS, be compared to the Kolomogorov-Smirnov (K-S)

critical values. We have found, however, that this leads to an

extremely conservative test under the null hypothesis. This

obsemation necessitated the canBtruction of table II which provides

alternative critical values for the power studies in Section V.

A third test used for comparison with Fn and MAKS 3s the Hawkins

(1981) test. This test 16 based on the Anderson-Darling statistic and

detects deviations from normality as well as heteroscedastic normal

cases.

Another issue related to the MAKS test is the uEe of the resealed

beta probabilities for the quadratic form instead of the usual

chi-square distribution. Table IIT illustrates the dramatic increase

in percent rejection for all three tests when the chi-Bquare is

erroneously used. Thus we generally use the resealed beta in our

calculations .

IV. llNIVARTATE CASE STIII)TF,S

Foutz (19RO) tested the power of Fn and the Clli-square ~n~

KolomoRotov- Smlrnov teRts for crises of a mfxed untform discrih{ltlon.

IIBingsamples of size 50, he concludes that Fs, performs better thnn

the other two tents in ‘sorereituatfons’ AgainSt a norm~l null

hypothe~fs.



P

-8-

TABLE II

MAKS CRITICAL VALUES GENERATED FROM

10,000 REPLICATIONS OF P-VARIATE NORMALS OF SAMPLE SIZE 50

90th Percentile 95th Percentile-— 99th Percent~le— —. ———

0.1374 (-).1535 0.1839

0.1274 0.1414 0.1692

0.1236 0,;366 0.1632

0.

0.

0.

0.

202 0.1316 0.

187 0.1308 0.

179 0.1290 0.

183 0.1298 0.

562

549

515

504

0.1206 0.1319 0.1518

0.1238 0.1343 0.1550

0.1322 0.1419 0.1636

(-).1493 0.1596 (-).1809

0.1715 0.1822 0.2003

TABLE 111

PERCENT REJECTION FOR 1000 20-VARIATE NORMAL SAMPLFS OF SIZE 50

COMPARISON OF RESCALET) BETA ANT)CHISQ[lARE 131STRIIIL1TIONS

Test 10% 5X Iz-— —

Resealed Beta

Foutz Rolo 4.70 O.RO

HawkIns 0.10 0.00 O*I7O

MAK s 0.90 0.00 C1.o’-l

Chi-square

Foutz

Hawkins

Mm s

14.50

49.RO

27.90

8.20

30.70

14.50

1.00

11.10

2.30
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Franke and Jayachandran (1983) run the same three tests on samples

from the family of asymmetric Btable distributions, mixtures of

normals, and the Pearaon type I and II distributions. They conclude

th~t Fn does better when ‘the parent distribution is heavy-tailed’.

However, the chi-Gquare teRt doeG better in most of the mixture of

normals cases and the asymmetric stable distributions.

Ccmsidering the above conflicting result~, a general class of

distributions developed by Johnson et al. (1980) for simulation stt’dies

was used in the following power study. This distribution i~ umimodal,

and symmetrfc about lccation parameter, u, and has the following

density:

f(x)=. A /m ~a-T-l
exp(-w)dw,

?ar(a) [(A/U)lX-LJlll;T
(4)

‘<X, lJ<rn, a,l)a)(), where A=[r(a+2~)/3r(a)]1 ‘2, IJand o are location

and scale parameters respecti~vely, and a and T are shape parameters.

Many Special cases emerge for certain a, T combinations. The normal

has a=l.s, T=.5; the uniform has a=l.(1, ~+0: the Laplace or douhie

exponential has a=2, T=l.

F~.gure2 shows four plots of percent rejection of the null

hypothesis using 5X critical values for the Foutz, MAKS, and Hawkins

tests versus T. Each plot has n different value of a. Note that the

above speci~l distributions are contained within these four plots. In

all cases, the Foutz test has ❑uch lower power than the other two

teRtR. In the null case, the MAKS and Hawkins tests arq ❑ore

conaervarive than Fn.
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The results in figure 2 combined with those of previous studies

indicate the relatively poor power of Fn in the univariate caee against

vatious altzrnatlves.

V. MULTIVARIATE STUDY OF Fn

The following bivariate distributions were used to generate the

1000 samples of size 50 for testing the power of Fn, MAKS and Hawkins

against the n~rmal null hypothesis:

bivariate normal

Pearson type 11

Pearson type VII

distribution based on Khintchine’s theorem

Johnson translation system -- lognormal and slnh-]

Plackett with normal or uniform marginals

Morgenstern’s with normal or uniform marginals

The dengitjea for these distributions are given in tahlc IV. The

variate generation procedures are str~ight for.’nr(iand can h fo[lndIn

Johnson (1’485).

The critical values based on Foutz’ ~sypmt[>tic normal d~strtbutlon

were used for Fn. Critical valuec for Hawkins” te~t ~tatistic camr

from his recommended asymptotic values. The choice of crftlcnl valll(ls

for the MAKS test statistic includes tht= recomm~nded K-S values,

referred to as llAKSl, and the empflicnl values from table T?, referred

to aa MAKS?. The empirical vnluce OIW1OUR1Y hnv~ good test sf7,1? e.ncl
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TABLE IV

DISTRIBUTION 2ENSITIES

Flackett’s Bivariate with Uniform Flarginals

$(1+1 )(X1+X2-2X1X2)+1
f(xl ,x2) = —

[{1+,$-1)(X]+X2)) 2-4$(~-~)XlX2] 3/2

$>0 O<x,, X2<1

Morgenstern’s Bivariate with Hniform Marginals

f(~],xz) = l+a(2x]-l)(2x2-1)

O<x, , X2<1 -I<a<l

Khinchine’s Theorem

I-axlxq

f(xl .x2) = ~x2#.@(A) + —~[l-$(A)l
2

A=max{lxll,lx~l], O is ~tandard normal density

-l<a<]

r(p/2*-:~lLl-1/2[1-(x-~) ‘@(X-ql)]mf(~) = –- —— ——
npi2i(-m+l)

m>-]
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Peareon Type VII

f(~) =
r(m)

np/2r(m-p/2)
I

m> 1

XI-112[1+(X-P)’1-J(X-IJ)]-—— ——

Johnson Translation System -- Lognormal Translation

f(xl,xz) -
blb2—.

2 112
2~u12(b1x1+a1 )(b2x2+a2)( l-P )

(Y1/ol) 2-2PY1Y2/(ol 2~ )“+(Y@2)~
x exp -

2(1-PZ)

xi>-ailbi, Yi - ln(bixi+ai)

13i- exp(ai2/2)

bi = [exr(2uj2)-rxi~(ojL)lw fox.f=l,2

.lohnsonTranslation System -- Sinh‘1 Tt’flnslatioll

2 1/2]2 l@[w2+(l+w2 )blb2[wl+(l+wl )
f(x; ,xz) - -——-— . —.—_ —.—- .. - ._ ._—

~ l~z][l w2~+w2(l+b2 )

____– __--:-————2—i~21g ~ainh-l(wl) ,SiI_ih

11+W12+W,(1+W1 ) -l(WP)I

Wi w hlxi+ai, ai = e~p(oi2/2)einh(ui),

hi = {[@xp(oi2)-1.1[exp(oi2)cosh( 2Uj)+ll}”2

exp{-(y] ~’/[2(l-@~)l}2-2PY]Y2+Y2 ‘ --- -----

R(Y1,Y2) - ----------------- -—___
2 1/220102(I-P )

for 1-1,2,

2 1/2]g~nh-l(~) - lnlv+(j+x )
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also exhibit ‘~uper’ power in detecting the slightest deviations from

normality. The .graphe In figure~ 3-9 and tables v and VI cotnpar~?the

power of the three tests with both choices of critical values for the

MAKS test.

With the exception of the Johnson translation system (see tables V

and VI), Fn is independent of location and scale changes. Therefore,

the distribution location parameters are zero and scale parameters are

one .

Table VTI gives the percent rejection for the three tests for

a=.f)l, .05, and .10 for the normal or near normal cases of the shove

distribution~. All three tests are con~ervative with Hawkins hef.ng the

most and Foutz the least conservative . Only tl~eMAKS test with the

empirical critical valuss is capable of detecting the slight departures

from normality.

l’igures 3-9 nre plots 01 the percent rejectton for IX=.05vetsu”;

tile key parameters of ench clistrihut{on. The normal or near-norm~l

cases are deslgnntecl by an astert,gk nhove the set of symbols. The

Holirlcdrves arc spl.ine fits of the displnycd points and serve ]lllyUS

a visunl Ruidc. Following the ~raphr+ (fig~lres 3-R) ore ‘l+lmen~tonol

deostty plot~ and projected contour plots of tll~tl~edistribllttonn

(from Johnson, 1905). ~n nlmost all cnnes, Fn fs not ,lR powctflll ,IH

the other two 1{’~ts. Typicn~ly Fn h:l, ‘Ibout hnlf the poWC!:” (’)f MAKs rlII(!

HawkinR.

●
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TABLE V

PERCENT REJECTION FOR JOHNSON TRANSLATION SYSTEM AT 5%

sI~-l TRANSLATION

~

(-)
o
(1
o

0
0
0
0

2
2
2
2

0
0
0
0

~

2
2
2

2
2
2
2

2
2
2
2

2
2
2
?

2
2
2
1

2
2
2
2

Qq

1.0 ;.1)
1.0 1.0
1 r) 1.0
1.0 1.0

0.1 0.1
0.1 0.1
0.1 0.1
0.1 0.1

l.O 1.0
1.0 1.0
1.0 1.0
1.0 1.0

0.1 l.fl
0.1 1.0
0.1 1.0
0.1 1.0

0.1 0.<
0.1 0.5
n.1 0.5
0.1 0.5

0.1 10;)
0.1 1.0
(-101 1.0
0.1 1.0

1.0 0.5
1.0 0.5
1.(1 0.5
1.0 0,5

0.5 l.O
0.5 1.0
0.5 1.0
(-).; 1,(7

I.n l.(1
1.0 1,0
1.0 1.0
1,0 1.0

0.5 0.5
0.5 (). c
0.5 0.5
().5 0.5

p

-. 5
0.0
0.5
0.8

-.5
0.0
0.5
O.R

5-*.
Oofl
0.5
O.R

-.5
0.0
0.5
0.8

-,5
0.0
0.5
(7.R

5-..
0.0
0.5
O.FI

-0=/
0.0
0.<

O*R

-.7
(-).0
O*5
0.8

-.5
0.0
0.5
().R

-,5
0.0
(-).5
O.R

Foutz

48.6
43.R
48.9
50.5

‘.5
2.R
500
3.n

5Q.O

54.7
66.4
5Q.R

11.1
11.4
11.9
12.1

4.cl
.j.~

6.R
7.1

16.7
16.4
17.R
21.4

25.5
23.R
?5.6
30,R

36.4
37.Q
42.6
46.4

87.7
75.6
81.6
87.7

14.7
18.0
17,5
21.”1

Hawkins

81.R
79.4
81.4
81.8

0.4
0.4

0.3
0.7

88.1
8s.1
R9.R
R6.1

29.4
26.5
28.9
36.2

6.7
5.?
6.0
10.9

43.1
42.5
46.7
52.7

5008
5007
52.2
61.4

66.6
6R.1
73.1
77.4

91.9
91.6
96.14

97.7

24.R
26.-!
29,6
‘17.n

MAKSI

81.9
79.3
82.2
83.2

0.8
1.3
1.3
1.2

92.0
RFI.7

92.7
8Q.4

30.7
26.7
31.1
37.3

fl.R
8.4
lo.n
14.4

51.5
50.7
57.5
59.5

50.R
54.2
54.9
64.7

73.1
76.4
131.4
(33.2

95,’3
95.6
9R.6
96.2

32.1
37.6
?R.R
46.R

MAKS2

92.2
90.5
93.1
92.1

5.7*
4.5*
5*Z*
5.4*

94. !3
94.7
9(j. Q

9(,. F!

51. R
50.1
51. ~

57.4

24.1
21.4
25. fl
32.9

72. ?
71.7
73.9
76.8

7(-I.4
74.7
75.5
79.7

R6.I
F18*4
91.5
91.R

98.?
98.5
99.4
99.?

5~,~

54.6

60.1
65.7
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TABL!?VI

PERCENT RJIJECTION FOR JOHNSON TRANSLATION SYSTEM AT 5%

LOGNORMAL TRANSLATION

u!

0

0
n
o

0
0
0
0

(1

o
0
0

0

(-l
(-l

o

0

(-l

(-l
f-l

0

(-1

o
0

JL.Q
.05 .05
.05 .05
.05 .05
.05 ,05

0.5 1.0
0.5 1.0
0.5 1.0
0.5 1.0

.05 1.0

.05 l.O

.05 1.0

.05 1.0

.05 (7.5

.(-)’7 0.5

.05 0.5

.f)s 0.5

(7.5 (’).5
(7.5 0.5
0.5 0.’)
0.5 0.5

l.n 1.0
1.0 1.0
1.0 l.n
l.n ].n

“Q

0.0
-.5
0.5
(I.R

-. 5
0.0
0.5
0.8

-o 5
o.n
0.5
O.R

5-..
0.0
0.5
rl.11

-. 5
o.n
0.5
O*FI

-. 5
0.0
0.5
O.R

Foutz Hawkins

4.0
3.6
3.6
3.2

19.6
zoo~

18.2
19.8

11.R
9.7

12.4
14.n

3.1
5.1
3.7
‘3.0

6.9
5.?
5.6
6.f4

46.4
43.n
44.Q
46.6

(3.2
0.6
0.7
0.3

44.4
42.5
46.0
49.5

27.2

27.R
?R.9
3?.1

1.5
1.R
2.n
0.4

R.?

5.4
6.9
7.R

83.2
79.4
81.5
R?.4

MAKS1

0.1
0.1
1.?
0.9

46.0
44.6
46.7

51.7

28.7
24.0
31.0
35.6

2.6
?.n
3.3
oo~

10.9
8.9

1(3.1
in.6

R3.1
79.5
R1.1
81.6

MAKS2

5.5*
5*R*

5.?*
4,8*

66.7
66.5
67.3
71.3

50.5
47.5
51.6
56.6

11.1
12.0
12.2
1?.5

25.R
25.4

25.R
26.!

93.2
9n.7
91.5
92.3
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TABLE VII

PERCENT REJECTION OF THE NORMAL HYPOTHESIS FOR

THE NORMAL OR NEAR-NORMAL CASES, 1(300SAMPLES OF STZE 50

Dletrlbutlon

Normal

Khintchine*

Sinh-l

Plackett

Morgenstern

Lognormal

Penreon VTI

Pearson 11

Foutz

6.70
2.90
0.60

9.50
4.70
1.10

6,~~

2.R(7
(-).RO

6.00
204f-)
0.60

7.5(7
3.70
0.40

7.no
4.nn
o.8n

7.50
3.RO
1.00

7.no
2.6n
n.1(-)

Hawkins

0.70
(-).30
0.00

R.&o
4.2n
oo5n

1.7.0
0.40
0.nO

1.70
0.40
0.00

1.00
n.20
n.oO

OoRn
(1,~~

o.nn

4.~-l

2.2n
(7.10

2.40
(-).70
0.00

MAKS1

2.50
0.8(-)
0.10

14.3
6.40
0.80

2.~Cl
1.70
0.00

2.9n
1.10
0.nO

2.7n
fj.~o

O.no

3.70
fi.in

0.00

7.70
3.70
0.70

4.90
].6n
1*6(-I

MAKS2

8.80
3.5n
lonO

27.8
18.6
6.90

8.00
4.5n
1.40

9.20

4.40
1.2n

R.q~

4.nO
0.50

in.1
5.R(l
0.5n

19.6
11.8
3.9n

13.7
8.00
I.RO
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VII. CONCLUSIONS

In general the power of Fn is relatively poor compared to

❑ultivariate normal tests developed by Malkovich-Afifi and Hawkinn in

both the univatiate and bivarlate canes. However, empirical studies of

Fn show that it reasonably follows Its asymptotic distribution and is

indeed independent of p. The Hawkins test and MAKS1 test (using K-S

critical values) have comparable performance and do well under the

:onditions teated. The MAKS2 test (using empirical critical values) is

consistently the most powerful of all these multivariate normality

tests aRninst all alternatives.
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